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Abstract. In this note we prove that Reedy fibrant Segal categories are fi- 
brant objects in the model category structure $eCatc. Combining this result 
with a previous one, we thus have that the fibrant objects are precisely the 
Reedy fibrant Segal categories. We also show that the analogous result holds 
for Segal categories which are fibrant in the projective model structure on 
simplicial spaces, considered as objects in the model structure $eCatf. 



1. Introduction 

Segal categories are simplicial spaces which are meant to look like simplicial 
categories, but their morphisms are only associative up to (higher) homotopy. They 
were first described by Dwyer, Kan and Smith, who called them special A°^-spaces 
They have since been generalized to the notion of Segal n-categories, variants 
of which have been studied as models for weak n-categories by Hirschowitz and 
Simpson [Jj, and Tamsamani Like simplicial categories, they can be 

considered as models for homotopy theories [2 8.6]. 

In any model category structure, it is useful to have a precise description of the 
fibrant and cofibrant objects, since these are used to define the homotopy category. 
Furthermore, various constructions, such as that of mapping spaces, are only homo- 
topy invariant when the objects involved are both fibrant and cofibrant. In the first 
of the model structures which we will consider, SeGatc, all objects are cofibrant, 
but a description of the fibrant objects has not been so clear. In this note, we give 
a complete characterization of them. 

We begin by giving some precise definitions. Let A denote the cosimplicial 
category, or category whose objects are finite ordered sets [n] = {0 ^ 1 ^ . . . ^ n) 
for n > and whose morphisms are order-preserving maps between them. Then 
A°P is the opposite of this category and is called the simplicial category. Recall 
that a simplicial set X is a functor A.°p Sets. We will denote the category 
of simplicial sets by SSeis. (In the course of this paper we will sometimes refer to 
simplicial sets as spaces, due to their homotopy-theoretic similarity with topological 
spaces W. 3.6.7].) We denote by A[n] the n-simplex for each n > 0, by A[n] its 
boundary, and by V[n, k] the boundary with the fcth face removed. More details 
about simplicial sets can be found in [SJ I]. A simplicial set X is discrete if all 
elements of X„ are degenerate for n > 0. We denote by \X\ the topological space 
given by geometric realization of the simplicial set X 1.2]. 

More generally, recall that a simplicial object in a category C is a functor A°p 
C In particular, a functor — > SSeis is a simplicial space or bisimplicial set [S] 
IV]. Given a simplicial set X, we denote by X* the simplicial space such that (^*)o 
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is the discrete simplicial set Xq. Also, given a simplicial space W, we denote by 
sk„H^ the n-skeleton of W, or the simpUcial space generated by the simplices of W 
of degree less than or equal to n [111 §1]. In this paper, our primary concern is the 
case where the simplicial set in degree zero is discrete (or constant). 

Definition 1.1. A Segal precategory is a simplicial space X such that Xq is a 
discrete simplicial set. 

Now note that for any simplicial space X there is a Segal map 

'Pk '■ X). ^ Xi Xx„ ■ ■ ■ 'XXa ^1 
V ' 

k 

for each k > 2, which we define as follows. Let a' : [1] [n] be the map in A such 
that Q!*(0) — i and Q!*(l) ~ i + l, defined for each < i < n — 1. We can then define 
the dual maps : [n] — > [1] in A°p. Given a simplicial space X, for each k > 2 the 
Segal map is defined to be the map 

ipk : Xk ^ Xi Xxo ■ ■ ■ X Jfo ^1 



induced by the maps 

Xia^) -.Xk^Xi. 

Definition 1.2. [3 §2] A Segal category X is a Segal precategory such that the 
Segal map tpfc is a weak equivalence of simplicial sets for each k > 2. 

For a Segal (pre)category X, we will frequently refer to the discrete simplicial 
set Xq as the set of "objects" of X. 

In [2 5.1, 7.1], we show that there exist two different model category structures 
on the category of all Segal precategories in which the fibrant objects are Segal 
categories. (We will discuss model category structures in more detail in the next 
section.) For the first of these structures, SeCatj,, we show in pi 5.13] that the 
fibrant objects are Segal categories which are fibrant in the Reedy model category 
structure on the category of all simplicial spaces. Here, we complete the result and 
show that the converse holds as well, namely, that all Reedy fibrant Segal categories 
are fibrant in SeCaic- Similarly, in the second model structure, SeCai/, we show 
that the fibrant objects are precisely the Segal categories which are fibrant in the 
projective model category structure on simplicial spaces. 

It should be noted that these model category structures on Segal precategories fit 
into a chain of Quillen equivalences between various model structures. The two are 
Quillen equivalent to one another, as well as to a model structure on the category 
of simplicial categories and to Rezk's complete Segal space model structure on 
simplicial spaces, which Joyal and Tierney prove to be Quillen equivalent to Joyal's 
model structure on quasi-categories |1U| . In doing so, they actually obtain an 
alternate proof of Theorem 13.21 The author's interest in comparing these model 
structures arose from finding models for the homotopy theory of homotopy theories, 
a project begun by Rezk [T^ . 

Acknowledgments. I would like to thank Bertrand Toen for pointing out an error 
in a previous proof of the main result, and the referee for suggestions which led to 
an improved proof of Proposition 13. II 



A CHARACTERIZATION OF FIBRANT SEGAL CATEGORIES 



3 



2. Review of model category structures 

In this section, we give a brief review of model category structures. In particu- 
lar, we discuss the Reedy model category structure on the category of all simplicial 
spaces and the model category structure SeGatc on the category of Segal precate- 
gories. 

Recall that a model category structure on a category 6 is a choice of three 
distinguished classes of morphisms: fibrations, cofibrations, and weak equivalences. 
A (co)fLbration which is also a weak equivalence is an acyclic (co)fibration. With 
this choice of three classes of morphisms, C is required to satisfy five axioms MCl- 
MC5 which can be found in |3I 3.3]. An object X in a model category is fibrant if 
the unique map X — > * to the terminal object is a fibration. Dually, X is cofibrant 
if the unique map from the initial object (f> ^ X is a cofibration. 

There is a model category structure on the category of simplicial sets in which 
the weak equivalences are the maps f : X —^ Y such that the induced map |/| : 
\X\ \Y\ of topological spaces is a weak homotopy equivalence 1.11.3]. Wc can 
then use this model category structure to define model structures on the category 
of simplicial spaces. 

A natural choice for the weak equivalences in the category of all simplicial spaces 
is the class of levelwise weak equivalences of simplicial sets. Namely, given two 
simplicial spaces X and Y , we define a map f : X Y to he a weak equivalence if 
and only if for each n > 0, the map /„ : Xn ^ y„ is a weak equivalence of simplicial 
sets. 

In the Reedy model category structure on simplicial spaces ^I] , the weak equiv- 
alences are the levelwise weak equivalences of simplicial sets. We will denote the 
Reedy model structure by SSets^ . While it is defined somewhat differently, the 
Reedy model category structure on simplicial spaces is exactly the same as the 
injective model category structure on this same category, in which the cofibrations 
are defined to be levelwise cofibrations of simplicial sets W 15.8.7]. 

In section 4, we will also make use of the projective model category structure 
SSets^ ^ on simplicial spaces, in which the fibrations are given by levelwise fibra- 
tions of simplicial sets IX 1.4]. 

In |12l 7.1], Rezk defines a model category structure which is obtained by local- 
izing %%ets^ with respect to a set of maps [HI 4.1.1]. Its fibrant objects are called 
Segal spaces, and they satisfy two properties: they are fibrant in the Reedy model 
structure, and each Segal map yjfe is a weak equivalence for k > 2. In particular, 
there is a fibrant replacement functor taking any simplicial space to a Segal space. 
In 13 §5], we construct a similar functor Lc which takes a Segal precategory X to 
a Segal space LcX which is also a Segal category such that Xq — {LcX)o. 

Theorem 2.1. j2j 5.1] There is a model category structure SeCaic on the category of 
Segal precategories with the following weak equivalences, fibrations, and cofibrations: 

• Weak equivalences are the maps f : X ^ Y such that the induced map 
LcX — > LcY is a weak equivalence in Rezk's model structure on simplicial 
spaces. 

• Cofibrations are the monomorphisms. (In particular, every Segal precate- 
gory is cofibrant.) 

• Fibrations are the maps with the right lifting property with respect to the 
maps which are both cofibrations and weak equivalences. 
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Corollary 2.2. |21 5.13] Fibrant objects in SeCatc are Reedy fibrant Segal cate- 
gories. 

We would like to prove the converse of this corollary. We begin by proving it 
in a more restricted setting, namely in the model category of Segal precategories 
which have a fixed set in degree zero. 



3. Reedy fibrant Segal categories 

We begin this section by characterizing the fibrant objects in the fixed object set 
case, and then we proceed to the more general case. We begin by briefly describing 
the model structure in the more restricted situation. 

We show in X 3.9] that there is a model structure SSpo.c on the category of Segal 
precategories which have a fixed set in degree zero in which the weak equivalences 
and cofibrations are each defined levelwise. This model category can be localized 
with respect to a set of maps to obtain a model structure £<§Spo,c, in which the 
fibrant objects are Segal categories. 

Thus, we will first prove that the fibrant objects of £§§po_c are precisely the 
Reedy fibrant Segal categories with the set in degree zero. Note that any Reedy 
fibrant Segal precategory is a fibrant object in the appropriate SSpo.c and hence 
that any Reedy fibrant Segal category is fibrant in the appropriate iLS§po,c. The 
following proposition shows that the converse statement holds as well. 

Proposition 3.1. A fibrant object in SSpQ c is fibrant in the Reedy model structure 
on simplicial spaces. In particular, a fibrant object o/iL§Spo,c is fibrant in the Reedy 
structure. 

Proof. Let 14^ be a fibrant object in SSpo.c- We need to show that the map W — > 
A[0]* has the right lifting property with respect to all levelwise acyclic cofibrations, 
not just the ones in SSpo.c- We first consider the case where A B is an acyclic 
cofibration where A and B are Segal precategories, say in §§po/.c for some set 

Using the 0-skeleta sko(^) and sko(VF), we can define a simplicial space A' as 
the pushout 

sko(^) ^sko(VK) 

A ^A'. 

Note in particular that the induced map A'q — > Wq is an isomorphism. Now, we 
can define B' as a pushout 

A ^A' 



B ^B' 
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and thus a diagram 

A ^ A' ^ W 



1 . . • 




A[0]* 

Because it is defined as a pushout along an acyclic cofibration in the Reedy struc- 
ture, the map A' — > B' is also an acyclic cofibration, and A'^ = B'^ = noA[0]*. 
Therefore there exists a lift B' W, from which there exists a lift B W. 

Now, suppose that A ^ B is an acyclic cofibration between simplicial spaces 
which are not necessarily Segal precategories. Since W and A[0]* are Segal precat- 
egories, we can factor our diagram as 

A ^A 



B -A[0]* 

where A and B are obtained from A and B, respectively, by collapsing the space 
in degree zero to its components. Then, we obtain a lifting from the previous 
argument. 

Since fibrant objects in LSSpo^c sltc fibrant in §Spo_c, the second statement of 
the proposition follows as well. □ 

Using this result, we turn to the converse to Corollarv l2.2l 

Theorem 3.2. Any Reedy fibrant Segal category is fibrant in §eCatc- 

Proof. Let be a Reedy fibrant Segal category and suppose that f : A ^ B is a 
generating acyclic cofibration in SeCatc- We need to show that the map W A[0]* 
has the right lifting property with respect to the map /. We know that it has the 
right lifting property with respect to any such / which preserves a fixed object set 
0, by ProDOsition l3.ll Therefore, we assume that / is a monomorphism but is not 
surjective. 

Choose b G Bq which is not in the image oi f : A B. Since / is a weak 
equivalence, we know that b is equivalent in LcB to /(a) for some a G (Lc^)o = ^o- 
Define {LcB)a to be the full Segal subcategory of LcB whose objects are in the 
essential image of a. Let Ba be the sub-simplicial space of B whose image is in 
iLcB)a. Note that iBa)o = ((icS)a)o- 

Now, define Aa to be the Segal precategory which has as 0-space the union of 
(-Ba)o a-nd and for which 



{Aa)n{ao, . . . , a„) = A„(a, . . . , a) 
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for all Ui G {Aa)o- Letting a also denote the doubly constant simplicial space given 
by a, we can then define Ai to be a pushout given by 

a ^Aa 

A ^Ai. 

Notice that the map A Ai has a section and that we can factor / as the composite 
A~^ Ai^ B. 

We now repeat this process by choosing a 6' which is not in the image of the 
map Ai ^ B and a corresponding a', and continue to do so, perhaps infinitely 
many times, and take a colimit to obtain a Segal precategory A such that the map 
/ factors as ^ — > A — > i? and there is a section A ^ A. Furthermore, notice that 
Aq — Bq and that the map A ^ B is object-preserving. Notice also that it is an 
acyclic cofibration. Therefore, the dotted-arrow lift exists in the following diagram: 

A 

/ 

/ 

" / 

B ^ * 

which implies, using the section A ^ A^ that there is a dotted arrow lift in the 
diagram 

A ■ 

/ 

/ 

" / 

B ^ * 

□ 

Note. One might wonder why, in the general case, the model category structure 
SeCatc is not defined as a localization of a model structure with object-preserving 
weak equivalences, as it is in the fixed object set situation. We prove in 3.12] 
that it is impossible, simply because the more basic model structure cannot exist. 
Therefore, we cannot use the tools of localized model structures. Much of the 
difficulty with working with SeCaic arises from this fact. 

4. Projective fibrant Segal categories 

In this section, we show that the analogous statement holds in our other model 
category structure, SeCai/. In this structure, the weak equivalences are the same 
as those of SeCatc, but the fibrations and cofibrations are defined differently. They 
are technical to describe, so we will refer the interested reader to 'S;, §4, 7.1] for 
a complete description. The fibrations should be thought of heuristically as those 
we would obtain via a localization of a model structure given by levelwise weak 
equivalences and fibrations, although, as mentioned at the end of the previous 
section, such a construction is impossible in the general case. 

As before, we begin by considering the special case where we have a fixed set 
in degree zero. Analogously to the situation in the previous section, there exists a 
model category structure SSpo,/ on simplicial spaces with a fixed set in degree 
zero in which the weak equivalences and fibrations are levelwise. Localizing this 
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model structure with respect to a set of maps results in a model structure LSSpoj 
in which the fibrant objects are Segal categories with in degree zero ^ 3.8]. 

We can prove the following result using the same techniques that we used to 
prove Proposition 

Proposition 4.1. The fibrant objects in LSSpoj are precisely the Segal categories 
which have the set in degree zero and are fibrant in the projective model structure 
on simplicial spaces. 

As in the Reedy case, there is a corresponding functor Lf (where "Segal spaces" 
are now obtained as a localization in the projective, rather than the Reedy, model 
structure), and in |2 §7] we show that the weak equivalences are actually indepen- 
dent of whether we define them in terms of Lc or Lf. 

Theorem 4.2. Segal categories which are fibrant in the projective model category 
.structure on .simplicial spaces are fibrant in SeCatf. 

Proof. The argument given for SeCatc still holds in this case. □ 
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